ABSTRACT. We give numerical invariants for deciding when two actions of a given group on the circle are semiconjugate. We give conditions for vanishing of an invariant called bounded real Euler class. We also determine endomorphisms of the discrete group PSL(2, R).
Introduction,
Given two actions of a group on the circle S , Ghys [1] has given a criterion in terms of bounded integral Euler class to decide when they are semiconjugate. In this note, we translate it to numerical invariants and give conditions for vanishing of bounded real Euler class.
Let G be the group of all orientation preserving homeomorphisms of S1 and let G be its universal covering group. Thus G consists of homeomorphisms of R which commute with T, the translation by +1. For an element f E.G, its rotation number is denoted by p(f) (g R/Z), while for / e ü, its rotation number is denoted by rot(/) (e R). For f,g£G, define r(f, g) = rotffg) -rot(f) -rot(g) using arbitrary covers /, j 6 S of / and g. Let T be a group generated by {n} and let </>i, </>2 : T -> G be homomorphisms.
Our main results are the following: THEOREM 1.1. <¡>i and fa are semiconjugate if and only if (a) p(4>i(li)) = p(ffa(rti)) for any -y¿, and (b) t((¿i(/7),(¿i(7')) = T(<t>2(l),<t>2ÍÍ)) for any -v,Y 6 T.
The definition of semiconjugacy will be given in §2. Let xr be the bounded real Eulder class in H%(G : R), which will also be described in §2. THEOREM 1.2. Let <jx: T -* G, be a homomorphism from a finitely generated group T. Then the following four conditions are equivalent:
(2) <f> is semiconjugate to a homomorphism into the subgroup of G consisting of translations.
(3) Let ft be a minimal set of <p. Then <p(f)(x) -x {x € fi) implies <p(f)|n = Id. (4) There is a measure p on S1 such that <j>("i)*p, = p for all 7 £ T.
A minimal set of tf> is a nonempty closed subset of S1 invariant under the action of <p, which is minimal w.r.t. inclusions. In case <f> has a finite orbit, it is a minimal set and the condition (3) is always satisfied. Otherwise there exists a unique minimal set of <j) (see ). Finally, as an application of results of Ghys [1] and Matsumoto-Morita [4] , we determine endomorphisms of PSL(2,R). THEOREM 1.3. Any endomorphism of the discrete group PSL(2, R) is either the trivial map or the conjugation by an element of PGL(2,R).
Prerequisites.
First we shall give a definition of semiconjugacy. A map h : S1 -y S1 is called a degree one monotone mapping in case there exists a monotone map h: R -► R such that h o T = T o h and h covers h. Note that h may not be continuous, nor injective. Two homomorphisms fa, fa: T -*■ G are said to be semiconjugate if there exists a degree one monotone mapping h such that h o 01(7) = fail) ° h for any 7 er. Semiconjugacy is an equivalence relation [1] . For T = Z, it is a classical result that fa and fa are semiconjugate if and only if p(fa(l)) = p(fa(l)). We have H¿(T: R) = 0 for an arbitrary group T (Gromov [2] ). It is also known [2] that for an amenable group T, H£(T: R) = 0 (Vn). In particular, we have H%(Z: Z) = R/Z. For a homomorphism fa Z -> G it is shown in [1] that fa(xz) = p(4>(l)) via the above isomorphism. Now let {7¿} be the generators of T and let A¿: Z -► T be the homomorphism given by A¿ (1) where f = fai) and g = fa^'). (2) =* (1). Clear.
(2) =s> (3). First consider the case where each p(<p("fi)) is rational. Then <¡> has finite orbits, because this property is unchanged by semiconjugacy. This implies (3) .
Next consider the opposite case. Let h,h! be degree one monotone maps such that h o 0(7) = rpfaf) o h and (^(7) o h' = h' o rpfai). Let fi be the minimal set of fi. Suppose (¡>(i)x = x (X G fi). Then h(x) is a fixed point of rpfa^). Thus rpfai) = Id. Therefore, 1^(7) keeps the points of fi = Image(/i') fixed. (3), combined with the assumption fi = S1, implies that if the graph of a certain faq) intersects with that of fan)k, then they are identical. This shows that no graphs of fa^) can intersect with a x (a, b). The orbit of o under <f> is not dense in S1. This contradicts fi = S1. Thus we have that the minimal set of fan) is S1. A classical fact shows then fan) is conjugate to a translation by an irrational number. Passing to a conjugation, assume that fan) is itself a translation. Then (considering the graphs again) one can easily deduce that every 1^ (7) is also a translation.
Case 3. fi is a Cantor set. By a suitable semiconjugation, we can pass to Case 2. Observe that in so doing the condition (3) is preserved.
(2) =► (4). Clear.
(4) =>■ (2) . Using the measure p, of (4), define a degree one monotone map h by h(x) = L dp(x). Then by the invariance of p,, we have r<t>h) (o) n° fa[l){x) = h(x) + / dp,(x). Jo This shows (2) .
Finally by what we have argued above, we obtain the following: COROLLARY 4.1. 4>*(xz) w a torsion if and only if (j> has a finite orbit. REMARK 4.2. The equivalence of (2) through (4) is indicated in [3, Chapter X].
But we gave the full proof because it is much simpler.
5. Proof of Theorem 1.3. PSL(2, R) = PSL is considered to be the group of Möbius transformations having the unit disk of C invariant. Thus it acts on S1 and there is a natural inclusion map i : PSL -> G. Using a result of Sah-Wagoner [5] , Matsumoto-Morita [4] showed that if2 (PSL; R) injects onto a subgroup of H2 (PSL; R) generated by the Euler class. Together with the exact sequence given at the beginning of §3, this shows that i/2(PSL; Z) is a free cyclic group generated by î*(xz)-It is not difficult to show that ||¿*(xz)|| -1/2, where || • || is the norm of the corresponding bounded real cohomology class. (a) ). This shows the minimal set of if, as well as that of », is S1. Then the degree one monotone map h giving the semiconjugacy must be a homeomorphism (see [1] ). Take We also have the following theorem, whose proof is much easier than Theorem 1.3. In [4] , it was also shown that Hg(G;R) S R. This means Hg(G: Z) a Z. This has the following implication. Its proof, using G is simple, is easy and omitted. THEOREM 5.3. Any endomorphism of G is either trivial or the conjugation by a (possibly orientation reversing) homeomorphism of S1. REMARK 5.4. Ghys has pointed out to the author that Theorem 1.3 has an elementry proof. He has also shown that the same thing is true for SL(n, R). On the other hand, Tsuboi has shown the author an elementary proof of Theorem 5.3, at least for automorphisms.
PROBLEM. Determine endomorphisms of such groups as Diff^f (S1).
